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The structural intensity or vibrational power flow is investigated using the Finite 
Element Method for several plate structures in this thesis.  The structural intensity of 
plates with multiple dampers is studied to explore the energy flow phenomenon in the 
presence of many dissipative elements. The relative damping coefficients of the 
dampers have significant effects on the relative amount of energy dissipation at 
corresponding sinks while the frequency affects the energy flow pattern slightly.  
 
The damping capacities of joints play an important part in the analysis of the dynamics 
of structures. The intensities for plates connected by loosened bolts are computed. The 
bolts are modeled by simple mathematical model consists of springs and dampers. The 
loosened joint is modeled in two manners, discrete and distributed spring-dashpot 
connections. The results indicate that the rotational springs and dampers have major 
effects on the structural intensity of the jointed plates. The presence of loosened bolts 
can be identified by the intensity vectors for both joint models. Then, the energy 
dissipation and transmission at the joints are calculated and their characteristics of are 
discussed.   
 
The structural intensity technique has been proposed to describe the dynamics 
characteristics of plates with cutout. The significant energy flow pattern is observed 
around the cutouts and it is independent of shapes and positions of cutout on the plate. 
Convergence study of the finite element results is also performed with different 
numbers of elements. Hence, the presence of cutouts in plates is predicted to locate and 
estimate by the intensity vectors.  
 vi
Vibration related damage detection methods appear to be capable alternatives for on-
line monitoring and detecting the structural defects. Thus, the feasibility of flaw 
detection and identification by the intensity technique is also investigated. A crack in a 
plate can be sensed by the diversion of directions of the structural intensity vectors 
around the crack boundary in the structural intensity diagrams. The results also suggest 
that the feasibility of detecting the long crack is higher than that of a short one. 
However, the crack orientation with respect to the energy flow directions is important 
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Structural intensity is a subject that has gained considerable interest in recent years.  
The use of the structural intensity was introduced first as a quantifier for the structural 
borne-sound analysis. Later, it has become a new trend in the dynamic analysis of 
structures and machines. When a structure is dynamically loaded, the propagation of 
vibratory energy through the structure occurs from the result of interaction between the 
velocity and the vibration-induced stress and it is termed the vibrational or structure 
power flow.  
 
The structural intensity is defined as the instantaneous rate of energy transport per unit 
cross-sectional area at any point in a structure. The structural intensity is a vector and 
instantaneous intensity is dependent on time. In order to investigate the spatial 
distribution of energy flow through the structure, the time-average of the instantaneous 
intensity is determined instead of absolute power and it becomes time independent for 
steady state response and it describes the relative quantities of the resultant energy flow 
at various positions in a structure.  
 
The structural intensity vectors indicate the vibration source and the energy dissipation 
points or sinks as well as the magnitudes and directions of energy flows at any position 
of a structure. Therefore, the information of vibrational energy propagating in a 
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structure can be visualized by using the structural intensity plots. The structural 
intensity technique enables the solving of problems which are associated with 
vibrational energy. In noise reduction problems flexural waves are considered since 
bending modes in plate are the most critical for sound radiation in an acoustic field. In 
order to control these problems, the understanding of dynamic state and the information 
of energy flow of a structure is essential.  
 
The structural intensity technique enables the solving of problems which are associated 
with vibrational energy by providing the information of dominant power flow paths and 
the determination of locations of the sources and the sinks. The required modifications 
can be made in order to control the corresponding problems. The changes of 
predominant energy flow path may be obtained by alteration of the location of energy 
dissipation or the energy sink. The mechanical modifications and the active vibration 
control are also options for controlling the power flow. Furthermore, a structure can be 
designed to channel and dissipate the energy as necessary. 
 
 
1.2 LITERATURE REVIEW  
 
The structural intensity was first introduced by Noiseux [1] and later developed by 
Pavic [2] and Verheij [3]. These works were mainly related to the experimental 
methods. Pavic [2] proposed a method for measuring the power flow due to flexure 
waves in beam and plate structures by using multiple transducers and digital processing 
technique. Cross spectral density methods was presented by Verheij [3] to measure the 
structural power flow in beams and pipes. Pavic [4] proposed a structural surface 
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intensity measurement to analyze a more general vibration type and a structure with 
complicated geometry.  
 
Computation of structural intensity using the finite element method was developed by 
Hambric [5]. Not only flexural but also torsional and axial power flows were taken into 
account in calculating the structural intensity of a cantilever plate with stiffeners. Pavic 
and Gavric [6] evaluated the structural intensity fields of a simply supported plate by 
using the finite element method. Normal mode summations and swept static solutions 
were employed for computation of structural intensity fields and identifying the source 
and the sink of the energy flow. The use of this modal superposition method was 
further extended as experimental method by Gavric et al. [7].  Measurements were 
performed by using a test structure consisted of two plates and the structure intensity 
was computed. 
 
Li and Li [8] calculated the surface mobility for a thin plate by using structural 
intensity approach. Structural intensity fields of plates with viscous damper and 
structural damping were computed using the finite element analysis. The first effort to 
use the solid finite elements to compute the structural power flow was performed by 
Hambric and Szwerc [9] on a T-beam model. Measurements of the structural intensity 
using the optical methods were discussed by Freschi et al. [10] and Pascal et al. [11]. A 
z-shape beam was used in order to analyze the propagation of all types of wave in 
measuring the structural intensity [10]. Laser Doppler vibrometer was employed to 
measure vibration velocities of the beam. Pascal et al. [11] presented the holographic 
interferometry method to obtain the phase and magnitude of the velocities of beam and 
plates. The structural intensity of a square plate with two excitation forces was 
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calculated in wave number domain and divergence of intensity was computed to 
identify the position of the excitation points. Rook and Singh [12] studied the structural 
intensity of a bearing joint connecting a plate and a beam.  
 
The active and reactive fields of intensity of in-plane vibration of a rectangular plate 
with structural damping were studied by Alfredsson [13]. Linjama and Lahti [14] 
applied the structural intensity technique to determine the impedance of a beam for 
determination of the transmission loss of general discontinuities.  
 
 
1.3 VIBRATIONAL POWER FLOW CALCULATIONS 
 
Several analytical methods have been used to predict the energy quantities of vibrating 
structures. Modal analysis, finite element analysis, boundary element analysis, spectral 
element method, statistical energy analysis, and vibrational power flow method are 
mainly used in solving the vibration related problems.  
 
The power flow in two Timoshenko beams was computed by Ahamida and Arruda [15] 
using spectral element method for higher frequencies. The statistical energy approach 
was employed to investigate the rotational inertia and transverse shear effect on 
flexural energy flow of a stiffened plate structure at sufficiently high frequency [16]. 
The statistical energy analysis (SEA) is mainly employed for the simulation of the 
behavior of a structural-acoustic system at high frequencies. SEA uses the total 
energies associated with each subsystem of a structure as primary variables. The 
vibrational power flow method (VPF) was introduced by Yi el al. [17] and it involves 
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the division of a structure into substructures as in SEA. However, this approach can be 
used for both high and low frequencies and the power transmission in beam-plate 
structures with different isolation components were computed. BEM is more widely 
used in the prediction of the interior noise levels due to structure-borne excitation [18, 
19].  
 
The finite element computations in the structural intensity predictions were reported in 
references [5-7]. The advantage of calculation of power flow by FEM is that the 
available information can be rearranged so that dominant paths of energy transmission 
through a structure can be visualized. This procedure seems to have a strong potential 
alternative for studying low-frequency structure-borne sound transmission at an early 
design process.  The finite element method has been used for all the computations of 
the structural intensity fields in this study. 
 
 
1.4 ORGANIZATION OF THE THESIS 
 
Most of the previous works are confined to the determination of structural intensity 
over some basic structures such as beams, pipes and simple plates. The evaluations of 
energy propagation in the presence of wave reflections in discontinuities such as 
several joint types between plates and in changes in thickness or cross-sections are still 
needed.  Furthermore, the effects of mechanical modification on the energy flow 
distribution are also vital to control the power flow. One further goal of the applications 
of the intensity could be the flaw identification in plate structures.   
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This thesis presents the contribution on the mechanical modification of the plate 
structure by attaching multiple dampers and the use of the structural intensity technique 
for several applications. Three types of applications of structural intensity technique, 
the identification of the loosened bolts at the jointed plates, the identification of cutout 
in plates and the detection of flaws in plates are investigated in details and the 
implications of results obtained in these applications are discussed. 
 
 
In the first chapter, the principle of the structural intensity is introduced and a literature 
review of the structural intensity has been given. Various methods for the power flow 
determination are presented briefly. The last part of this chapter offers the organization 
of the thesis. 
 
Chapter 2 gives the description of the finite element method to the computation of 
structural intensity. The definition of structural intensity and the formulation of 
structural intensity for a plate using shell elements are given. The results of the present 
study are validated by the two published results available in the literatures.  
 
Chapter 3 presents the effects of multiple dampers on the structural intensity field of an 
excited plate. 
 
Chapter 4 gives the structural intensity of plate structures connected by loosened bolts 
and subjected to forced excitation. The loosened bolts are modeled by spring and 
dashpot systems. Numerical results are presented for the plates connected by two 
loosened bolts. The effects of rotational springs and dampers on the structural intensity 
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diagram were discussed. The effects of relative damping at the bolts and the additional 
damper at the compliance plate on the energy transmission of joint are presented. The 
presence of loosened bolts can be indicated by the intensity vectors at the 
corresponding points using the translational springs and dashpots. 
 
Chapter 5 presents the modeling of the loosened bolts connected to the plates by using 
the simple distributed spring-dashpot system over the bolts areas.  
 
In chapter 6, the structural intensity of rectangular plates with cutouts is investigated. 
The effect of the presence of cutouts on the flow pattern of vibrational energy from the 
source to the sink on a rectangular plate is studied. The effects of cutouts with different 
shape and size at different positions on structural intensity of a rectangular plate are 
presented and discussed.  
 
In chapter 7, the structural intensity of plates with cracks is investigated and Chapter 8 

















THE STRUCTURAL INTENSITY COMPUTATION 
 
2.1 COMPUTATION BY THE FINITE ELEMENT METHOD 
 
The finite element computation of structural intensity was reported in references [5-7]. 
Different finite element analysis software packages were applied for calculating the 
field variables of the model. The commercial FEM code NASTRAN was employed in 
the works [4, 8]. The calculations in reference [8] was carried out by using FEM 
software ANSYS. The commercial finite element analysis code ABAQUS [20] has 
been used for all the analysis in this study. All the FE models in this study have been 
generated by commercial finite element preprocessor program PATRAN 2000. The 
structural intensity values are computed and plotted by the Matlab 6.2 environment. 
 
The steady state dynamic analysis procedure has been employed to obtain the 
magnitude and phase angle of the response of a harmonically excited system. 
ABAQUS provides the responses of structure in the complex forms. The calculation of 
steady-state harmonic response is not based on the model superposition but is directly 
computed from the mass, damping and stiffness matrices of the model. Though it is 
more expensive in terms of computation, it can give more accurate results since it does 
not require modal truncations.  
 
The plates are modeled by 8-node thick shell elements with reduced integration points 
using all six degrees of freedom per node. It was found that this type of elements is the 
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most appropriate element since transverse shear force effect is taken into account in 
this element. This type of elements is designated as S8R in ABAQUS.  
 
2.2 THE INSTANTANEOUS AND ACTIVE STRUCTURAL INTENSITY  
 
Vibrational energy flow per unit cross-sectional area of a dynamically loaded structure 
is defined as the structural intensity and it is analogous to acoustic intensity in a fluid 
medium. The net energy flow through the structure is the time average of the 
instantaneous intensity and the kth direction component of intensity at can be defined as 
[6]: 
,)()()( >−>=<=< tVttII lklkk σ                   3,2,1, =lk                                  (2.1) 
where )(tklσ   is the stress tensor and )(tVl  is velocity in the l-direction at time t; the 
summation is implied by repeated dummy indices; <…> denotes time averaging.  
For a steady state vibration, the complex mechanical intensity in the frequency domain 
is given as [7], 
                      kklklk iraVC +=−= ∑ *~~21~ σ                                                   (2.2) 
Here, the superscript ~ and * denote complex number and complex conjugate and і is 
the imaginary unit. Negative sign is used for stress orientations. 
The real and imaginary parts of the complex intensity, ka  and kr  are named the active 
and reactive mechanical intensities. The active intensity displays the information of the 
energy transported from the source to the parts of the structure where energy is 
dissipated. The reactive part has no definite physical meaning, and is regarded as the 
reactive intensity and it has no contribution of the net intensity. 
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The active intensity is equal to the time average of the instantaneous intensity and 
offers the net energy flow. Therefore, kI  is formed as, 
                                                 )~( kk CI ℜ=                                                     (2.3) 
)(−ℜ stands for the real part of the quantity within the bracket. The intensity 
corresponds dimensionally to stress times velocity; thus the unit for structural intensity 
is N/ms, the same as that for acoustical intensity. 
 
Power inputs to a system are computed by multiplying input forces by the complex 
conjugates of the resulting velocity at the loads points. The total input power due to 
point excitation forces can be calculated as 










1                                         (2.4) 
where  Fj corresponds to load and n is numbers of loads 
 
The power output is the power dissipating through the dampers and transmitting to the 
connecting systems such as spring or mass elements. It can be calculated by 










1                                    (2.5) 
where Fj corresponds to the force of constraint and n is numbers of attached points 
 
2.3 FORMULATION OF THE STRUCTURAL INTENSITY IN A PLATE  
 
The structural intensity in the plates can be calculated from the stresses and velocities. 
Rewriting the equation 2.3 in the form 
[ ]∑ℜ−= *~~21 lklk VI σ                                                                                    (2.6) 
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However, the stress resultants at the mid plane of the plate are used to express the state 
of stresses distributed over the thickness of the plate. The stress resultants for the shell 
elements are the bending moments, the twisting moments, the membrane forces and the 
shear forces at the mid-plane as shown in Fig. 2.1. Since the stress resultants are 
integrated over the thickness, the intensity becomes the net power flow per unit width. 
The generalize velocities which correspond to these stress resultant are the angular 
velocities, ∗xθ&~ , ∗yθ&~ and the in plane and the transverse velocities, ∗u&~ , ∗v&~ and ∗w&~ . 
Membrane forces are usually not considered in the flat thin plate bending cases. 
However, for a thin flat element which is subjected to both bending and an in-plane 
movement, the shell finite element should be employed. The shell element is comprised 
of the superposition of flat thin plate finite element and flat membrane.  
              ];~~~~~~~~~~[
2
1 ∗∗∗∗∗ −+++ℜ−= xxyyxxxyxx MMwQvNuNI θθ &&&&&                    (2.7.a) 
              ].~~~~~~~~~~[
2
1 ∗∗∗∗∗ +−++ℜ−= yyxxyyyxvy MMwQuNvNI θθ &&&&&                   (2.7.b) 
Where    xN
~  , yN
~  and  yxxy NN
~~ =    are complex membrane forces per unit width of 
plate; 
 xM
~  , yM
~  and  yxxy MM
~~ =     are complex bending and twisting moments per unit 
width of plate;  
 xQ
~  and yQ
~  are complex transverse shear forces per unit width of plate; 
 ∗u&~ , ∗v&~  and ∗w&~   are complex conjugate of translational velocities in x, y and z 
directions; 
∗
xθ&~  , and ∗yθ&~   are complex conjugate of rotational velocities about x and y directions. 
For finite element calculations, the mid-plane displacements are used rather than 
velocities.  
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Therefore the x and y components of the structural intensity of a flat thin shell 
element become [6]: 
              ];~~~~~~~~~~Im[)2/( ∗∗∗∗∗ −+++−= xxyyxxxyxx MMwQvNuNI θθω                 (2.8.a) 
              ].~~~~~~~~~~Im[)2/( ∗∗∗∗∗ +−++−= yyxxyyyxvy MMwQuNvNI θθω                 (2.8.b) 
∗u~ , ∗v~  and ∗w~   are complex conjugate of translational displacements in x, y and z 
directions; 
∗
xθ~  , and ∗yθ~   are complex conjugate of rotational displacement about x and y 
directions. 
If curved shell elements are used in the analysis, the curvature effects must be 


































Fig. 2.1 Plate element with forces and displacements 
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2.4 COMPARISONS OF THE RESULTS 
 
The graphical solutions of the structural intensity field of a flexurally vibrated plate 
with an attached damper were reported by Gavric and Pavic [6]. In their simulations the 
normal mode summations were used in the computation of structural intensity and a 
static solution term was employed for the convergence of localization of source and 
sink. However, in the present study the steady state dynamic procedure from ABAQUS 
has been employed to calculate the field variables.  
 
A steel plate, which is 3 m long, 1.7 m wide and with a thickness of 1 cm, was used in 
the finite element simulation, as done by Gavric and Pavic [6]. The plate is simply 
supported along all four edges. The material properties are as follows: Young’s 
modulus = 210 GPa, Poisson ratio = 0.3 and mass density = 7800 kg/m3. The plate is 
taken to be without structural damping. The plate is modeled using 510 eight-node 
isoparametric shell elements with 1625 nodes. The excitation force having a magnitude 
1000 N with frequency of 50 Hz is applied at coordinates of xf = 0.6 m and yf = 0.4 m 
on the plate. A dashpot element with a coefficient of damping of 100 Ns/m is attached 
at the point xd = 2.2 m and yd = 1.2 m.  
 
In order to examine the validity of the numerical results computed by the Direct-
Solution Steady-State Dynamic Analysis, a simulation was carried out employing the 
same setup as mentioned above. The computed results were then compared and 
examined closely with the reported results. The plot of structural intensity diagram 
obtained by using the Direct-Solution Steady-State Dynamic Analysis is shown in 
Fig.2.2. It can be observed that the energy flows from the position of the excitation 
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force to the point of the location of the damper, as indicated by the structural intensity 
vectors. The result was found to be in good agreement with the corresponding results 
reported by Gavric and Pavic [6]. The result also validates that the Direct-Solution 
Steady-State Dynamic Analysis is capable of generating accurate field outputs for the 
computation of structural intensity. 
 
The validity of the computational algorithm used in this study was extended by 
carrying out the same simulation setup done by Li and Lai [8] and compared the result. 
A thin aluminum plate having a length of 0.707 m and a width of 0.5 m and a thickness 
of 3 mm was used as the model. This plate has the following characteristics: Young’s 
modulus is 70 GPa, the Poisson ratio is 0.3 and the mass density is 2100 kg/m3. The 
positions of excitation force and dashpot are xf = 0.101 m, yf = 0.35 m and xd = 0.505 
m, yd = 0.15 m respectively. The excitation force has a magnitude of 1 N at 14 Hz and 
the coefficient of dashpot is 2000 Ns/m. The two short edges are simply supported. A 
total numbers of 560 eight-node isoparametric shell element with 1777 nodes were 
used for the present model. The result shown in Fig.2.3 is found to be in good 
agreement with the published results [8]. After the results have been validated, the 
structural intensity analyses over different applications are carried out.  
 
2.5 INTENSITY CALCULATION AT THE CENTROIDS 
 
The two field variables, stresses and velocities, required for intensity calculations can 
be obtained from ABAQUS. For the case of shell element, displacements are requested 
rather than velocities. The structural intensity vectors represent the intensity values at 
the centroids of elements by the definition of the stress resultants. ABAQUS computes 
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and gives the displacements only at the nodes while providing the stresses either at the 
nodes or at the centroids. Therefore the structural intensity calculations have to be 
carried out in two different approaches. The first uses the nodal values of both the 
stresses and the displacements and then the resultant nodal intensities are interpolated 
to the centroids. The second interpolates the nodal displacements to the centroids first 
and the intensities are computed from the centroidal values of stresses and 
displacements. The results from interpolated and direct calculation of the intensities are 
juxtaposed in Figs.2.3 and 2.4. It is apparent from this comparison that the results are in 
excellent agreement. It also shows that even the nodal values which are the averaged 
values of the elements around the node and these are less accurate than the centroidal 















Fig. 2.2 Structural intensity field of a simply supported steel plate 



















































Fig. 2.3 Structural intensity vectors of a thin Aluminum plate simply
supported along its short edge with an excitation force and an attached
damping element. (Direct calculation) 
Fig. 2.4 Structural intensity vectors of a thin Aluminum plate simply
supported along its short edges with an excitation force and an attached
damping element. (Interpolated values) 
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CHAPTER 3 








The alteration of the energy flow paths is regarded as an option to control the 
vibrational power flow problems of structures. Damping treatment is normally 
considered as one of the modifications of structures. The changes of predominant 
energy flow path can be obtained by adding or rearranging the locations of energy 
sinks. Two or more viscous dampers could be imagined as any two dissipative elements 
or causes of energy dissipation. Furthermore, it can be viewed as position for 
channeling the energy by a conduit to another region.   
 
To improve the understanding the parameters which may affect the energy flow of a 
plate structure with the same material properties and boundary conditions, such as 
numbers of dampers, variations in damping coefficients, positions of dampers and 
frequency are analyzed. Different combinations of dampers in different positions were 
employed to study the effects of multiple dampers in an individual plate model. The 
main objective of the study is to examine the energy flow phenomenon in the presence 
of many dissipative elements. The effects of relative damping coefficient and the 
effects of excitation frequency to the multiple dampers were also examined.  
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3.2 THE FINITE ELEMENT MODEL 
 
A steel plate was modeled using shell elements to study the effects of multiple dampers 
on structural intensity in plate structure. Dimensions of the model are 2 m long, 1.5 m 
wide and 5 mm thick. The material properties are: Young’s modulus (E) = 200 GPa, 
Poisson ratio (ν) = 0.3 and mass density (ρ) = 7800 kg/m3. The excitation force having 
an amplitude of 10 N is applied at the lower left region (x = 0.4 m and y = 0.3 m).  The 
plate is simply supported along its short edges. The plate is assumed to be with no 
structural damping. The plate is modeled using 1200 eight-node thick shell elements 
with reduced integration points with 3741 nodes.  
 
Three positions shown in the finite element model, Fig. 3.1, were chosen as the 
attached points for two dashpots. The coordinates of these points are: x = 1.5 m, y = 
0.35 m for the first point, x = 0.5 m, y = 1.1 m for the second point and x = 1.5 m, y = 
1.1 m for the third point respectively.  
 
3.3 RESULTS AND DISCUSSION  
 
Firstly, three simulations are carried out by attaching a dashpot having damping 
coefficient of 100 Ns/m to the three positions, shown in Fig.3.1, in turn at the excitation 
frequency of 17.36 Hz. These simulations are to verify the indication of one of these 
positions as an energy sink to which a single damper is attached. The input and 




3.3.1 Effects of excitation frequency 
 
The plate was excited at two low frequencies, 8.35 Hz and 17.36 Hz to examine 
whether there were differences due to frequency on the intensity vectors. The above 
frequencies are near the first and the second resonances. By comparing Fig. 3.2 and 
3.3, it indicates that there is slight difference in the energy flow patterns between the 
two frequencies. The power flow path of the second resonance is in a “U” shape pattern 
and propagates more broadly into the upper portion of the plate while it flows directly. 
Mode shapes are different for different resonance frequencies. Differences in mode 
shapes result in different displacement fields and different velocity fields too. Therefore 
the difference in frequencies causes the different in flow pattern. However, the velocity 
alone cannot give the position of the source and the sink [46].  
 
By the definition, the structural intensity is the net energy flow from the source to the 
sink. The power dissipated by the dashpots is equal to the input power since the plate is 
modeled as lossless. The dissipated energies are calculated from the velocities across 
the dashpots and the damping coefficients using equation 2.4. The energy dissipation at 
dampers can give the information like whether the relative power flows dissipated by 
the dashpots are proportional to their respective damping coefficient. The effects of 
relative damping will be discussed in the next section. 
 
The influences of frequencies on the various relative damping were also examined at 
these two frequencies. Parameters and positions of the dashpots and the ratios of energy 
dissipation at individual dampers to the total dissipated energy are given in table 3.1 
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and 3.2. Comparison of results in these two tables clearly indicates that they are of the 
same nature.  
 
3.3.2 Effects of relative damping 
 
The ratios of the dissipated power to input power is used to present the relative 
damping here because the energy input and the output are different for different cases. 
In this case, two dampers were attached at two of the three allocated points in order to 
study the effects of two dampers at the forcing frequency of 17.36 Hz. Firstly the 
dashpots with equal damping coefficient were employed. The damping coefficient of 
each dashpot was 100 N-s/m. The locations of the two dampers were also changed to 
study the effect of damper with respect to different positions. Figs. 3.4-3.6 show results 
from three combinations of positioning of the dampers. It can be observed from the 
above figures that dampers with equal damping capacity resulting in almost equal 
amount of dissipation in the structural intensity diagrams. It may be due to the fact that 
the velocity difference between the two points is small.  
 
Next, two dashpots having different damping coefficients were attached to the plate to 
investigate the effects of the relative damping capacities of dashpots on the structural 
intensity.  One damper had the damping coefficient of 100 N-s/m and the other with a 
value of 1000 N-s/m forming a ratio of 1:10 in damping coefficient. The results of three 
simulations at 17.36 Hz are shown in Figs. 3.7–3.9. The details of positions of 
dampers, damping coefficients and the ratios of the dissipated energy at these points to 
the total dissipated energy are given in table 2 and the corresponding diagrams. 
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The energy sinks due to the greater dampers are obvious and the energy dissipations 
caused by lighter dampers cannot be seen clearly in the structural intensity vectors 
diagrams. It is more significant when the greater energy dissipation presents before the 
less energy dissipation point along the energy flow path as in Fig 3.7. These results 
imply that the structural intensity can reveal the relative energy dissipation at the 
dashpots.  
 
Moreover, these effects were further extended by examining two dashpots having 
different damping capacities but smaller coefficients of damping (100 & 20 and 15 & 
20 N-s/m). The energy ratios are given in table 3.2 and they have the same behaviors, 
too. According to these results, the relative damping or the ratios of damping 
coefficients and the initial energy flow patterns are important in considering the 
positions from which energy is conveyed to control the energy flow in a structure. 
Three dashpots with different coefficients are also considered and one of the results is 





The structural intensity field for a plate structure with multiple dampers provides the 
information of power flow and identifies the energy source and sinks as in a single 
dashpot case. The results show that the relative damping coefficients of the dampers 
have significant effects on the relative amount of energy dissipation at each sink. The 
power flow pattern and the amount of energy flow in a plate could be controlled by 
applying multiple dampers.  
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Table 3.1  
Percentage of dissipated energy in a plate with multiple dampers at the frequency 









1, 2 100, 100 0.1069-0.1320 44.76%-55.24% 
2, 3 100, 100 0.1083-0.1081 50.04%-49.96% 
1, 3 100, 100 0.1071-0.1320 44.78%-55.22% 
1, 2 100, 1000 0.0031-0.0370 7.76%-92.24% 
2, 3 1000, 100 0.0357-0.0037 90.63%-9.31% 
1, 3 1000, 100 0.0423-0.005 88.76%-11.24% 
1, 2 100, 20 0.3431-0.0848 80.19%-19.81% 











 Percentage of dissipated energy in a plate with multiple dampers at the frequency 







energy (watt)  
Dissipated 
energy ratios Remark 
1, 2 100, 100 0.1396-0.1721 44.78%- 55.22% Figure. 3.5 
2, 3 100, 100 0.1408-0.1413 49.91%-50.09% Figure. 3.6 
1,3 100, 100 0.1398-0.1728 44.72%-52.28% Figure. 3.7 
1, 2 100, 1000 0.044-0.0482 8.37%-91.63% Figure.3.8 
2, 3 1000, 100 0.0464-0.0061 88.38%-11.62% Figure. 3.9 

















Table 3.3  





Damping coefficients Dissipated energy ratio Remark 
1,2 ,3 100, 200, 300 13.66%,34.22%,52.12%  
1,2 ,3 200, 400, 600 12.92%,33.72%,53.36% Figure.11 


























































Fig. 3.2 Structural intensity field for dashpot with damping coefficient of 





















































Fig. 3.3 Structural intensity field for dashpot with damping coefficient of 
100 N-s/m at point-1; Excitation frequency 17.36 Hz. 
 
Fig. 3.4 Structural intensity field for two dampers are attached at point-
1 and point-2; Damping coefficient 100 N-s/m each; Excitation 




















































Fig. 3.5 Structural intensity field for two dampers are attached at 
point-2 and point-3; Damping coefficient 100 N-s/m each; Excitation 
frequency 17.36 Hz. 
Fig. 3.6 Structural intensity field for dampers are attached at point-1 
and point-3; Damping coefficient 100 N-s/m each; Excitation 




















































Fig. 3.7 Structural intensity field for t damper at point-2, damping 
coefficient 1000 Ns/m; Next damper at point-1, damping coefficient
100 Ns/m; Excitation frequency 17.36 Hz. 
Fig. 3.8  Structural intensity field for a damper at point-2, damping 
coefficient 1000 Ns/m; Next damper at point-3, damping coefficient 




















































Fig. 3.9 Structural intensity field for a damper at point-1, damping 
coefficient 1000 Ns/m; Next damper at point-3, damping coefficient 
100 Ns/m; Excitation frequency 17.36 Hz. 
Fig. 3.10 Structural intensity field for three dampers with different 
damping capacity at the excitation frequency of 17.36 Hz; 
The first damper at point-1 with damping coefficient of 200 N-s/m; 
The second damper at point-2 with damping coefficient of 400 N-s/m; 
The third damper at point-3 with damping coefficient 600 N-s/m. 
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CHAPTER 4 






Considerable attention has to be paid to the effects of dynamic loading on engineering 
structures. Structural-borne sound is associated with the vibrational energy which 
results from dynamically loaded mechanical and structural systems. This vibratory 
energy traveling along the structures is usually radiated as noise. In order to control 
vibration and structure-borne sound problems, the understanding of the behaviors of a 
structure is desired. The structural intensity technique is a convenient way to describe 
the behaviors of a structure. 
 
The damping capacities of joints play important roles in the analysis of the dynamic 
behavior of structures. Earles [21] estimated energy dissipation in a lap joint 
theoretically and concluded that it could attain comparable amount of energy 
dissipation similar to that of using viscoelastic materials. Beard and Imam [22] studied 
the interfacial frictional forces of the laminated plates to reduce the structural response 
by laminating technique and showed that the damping capacity was dependant on the 
clamping forces. Shin et al. [23] carried out the experimental work on the bolted joints 
for plates and shells structures and showed that the reduction in the contact pressure at 
the interface can maximize the energy dissipation at the joint. Beards and Woowat [24] 
analyzed the frictional damping caused by interfacial slip in a frame joint. It has been 
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shown that both the amplitudes of response and frequencies at resonance could be 
altered by clamping force. 
 
The characteristics of a joint have been approximated with the use or spring-dashpot 
system [25-28]. Amabili et al. [25] investigated the circular plate with elastic constraint 
at the free edges with artificial springs and applied this concept to the bolted or riveted 
plates. A simplified joint model was proposed by Yoshimura and Okushima [26] and 
they developed a method to identify the stiffness and damping coefficients of the joint. 
Wang and Sas [27] presented an iteration method to identify the parameters of a bolted 
joint by interactive use of experimental and simulation results. A lap jointed beam with 
two bolts was analyzed by Estenban et al. [28] at high frequencies and the energy 
dissipation at the joint was characterized by using both linear and nonlinear models. 
 
Simplified models consist of springs and dampers, are assumed to represent the 
characteristics of the bolted joint. The parameters of the bolts with the same clamping 
pressures are identified by iteration procedures. There are no reported works on the use 
of structural intensity to illustrate the flow of energy from the source to the point of 
energy dissipation at the joint-structure. The aim of this chapter is to apply the structure 
intensity technique to analyze the energy dissipation of the bolted joints at junctions of 
the plates with a view of identifying such loosened joints in actual structures.  
 
 
4.2 MODELING OF ENERGY DISSIPATED LOOSENED BOLTS  
 
It has been discussed by many researchers [21-28] that most of the vibrational energy 
dissipation in built-up structures occurs at the joints. The mechanical joints are usually 
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friction joints and the energy dissipation occurs when there is relative motion between 
the surfaces of the joint members and it results in energy loss of the whole system. It 
has been shown that the resonance frequencies and the energy dissipation arising from 
a joint are influenced by the clamping force on the mating section in the range of 1 Hz 
to 10 Hz depending on the type of structure [21, 22, 48]. The clamping pressure on the 
joint can be controlled by adjusting applied torques on the bolts. When a bolt is loosen 
by reducing the clamping force from being firmly tightened, the relative movements 
between the mating surfaces exist and the macro-slip friction damping occurs in this 
region and it is assumed that Coulomb’s law of friction holds [28].  
 
The physical characteristics of a joint are nonlinear and dependent on many conditions 
such as preloads on bolts, the coefficient of friction of surfaces, the amplitude and 
frequency of dynamic loading, temperature and many other factors. Nonlinear 
behaviors of the joint and detailed contact problems are not taken into account in the 
present study in modeling the joint since the energy transmission and dissipation across 
a real joint is too complex to be treated computationally and analytically. Furthermore, 
the characteristics of energy transmission, reflection and dissipation at the junction of 
plates will not be discussed in details here since it is beyond the scope of this study. 
The dynamic rigidities and damping properties of the bolted joints can be estimated by 
equivalent linear spring-dashpot systems [25-28].  Springs maintain the appropriate 
rigidity for the joint connections and the viscous dampers provide the equivalent energy 
dissipation due to friction at the joint interfaces. These spring-dashpot models are 
acting in all six degrees of freedom of the shell elements.  
 
 32
In transverse vibration of a beam, the displacement degree of freedom (DOF) of the 
joints associated with the excitation force can be reduced to two DOFs, translation in 
the direction of force and rotation about the normal to the plane of force. The relative 
rotational displacements about y-axis (γ-direction) between joined nodes from each 
plate were dominant at the first bending mode and the rotational stiffness of the joint in 
this direction needs to restrict this rotation. Similarly, the relative translational 
displacements of these points in z-direction were dominant at the second bending mode 
and the stiffness in this direction is also imposed to restrain these displacements [26; 
27]. Fig. 4.1 (a) shows the first mode shapes of a jointed beam. The relative 
displacements in all other directions were comparatively less than that of the 
predominant directions and springs in other directions were assumed to be rigid. 
 
In this simulation, the lap joint of two plates is modeled by using the simple 
mathematical models consisting of parallel spring-dashpot systems positioned at the 
locations of the bolts. For the flexural vibration of plates, the stiffness in z and γ 
directions can be determined like the case on beams. However, the unsymmetric 
location of the excitation force requires the flexible stiffness in α direction. 
Fortunately, the radial symmetric property of the bolt generally allows one to 
approximate the same parameters in two rotational directions,  γ and α. 
The coefficients of dashpots can also be approximated from the responses of these two 
modes using the half power point method [22, 23]. The damping factors required for 
modelling the friction joint between the two plates were solved as the values from the 
model presented by Shin et al. [23]. The initial damping coefficients were assumed and 
then the responses for the range of frequencies of interest could be found from 
simulations with appropriate frequency increments. The equivalent damping factors 
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were measured from the plots for the frequencies against the response amplitudes. 
Comparisons between the acquired damping ratio and the damping ratio obtained form 
the published results were carried out. The procedures for estimating damping 
coefficients were repeated until a good agreement in two damping factors was 
achieved. 
 
4.3 THE PLATES JOINT MODEL 
 
The model in this study consists of two square plates made of steel, connected by two 
bolts. Schematic diagram of the model and the position of two bolts that fasten the two 
plates are shown in Fig. 4.1 (b). Each plate has dimensions of 0.5 m in length, 0.5m in 
width and 5 mm in thickness. The two plates overlap 0.1 m on each other along its 
length forming a lap joint. Therefore the mating section has dimensions of 0.1 m x 0.5 
m. The material properties are as follows: Young’s modulus = 210 GPa, Poisson ratio = 
0.3 and density = 7800 kg/m3. The left hand plate is excited sinusoidally by a point 
force with a magnitude of 1000 N. The coordinates of the excitation force measured 
from the lower left corner of the left hand plate are x = 0.15 m and y = 0.15 m. The test 
structure is simply supported along its two short edges.  
The positions of the bolts are xa1 = 0.45 m and ya1 = 0.125 m for the first bolt, and xa2 = 
0.45 m and ya2 = 0.375 m for the second bolt on the left plate and, xb1 = 0.05 m and yb1 
= 0.125 m for the first bolt, and xb2 = 0.05 m and yb2 = 0.375 m for the second bolt on 
the right plate. The coordinates are measured from the lower left hand corner of each 
plate. The plates are discretized into 800 eight-node shell elements with 2562 nodes as 
shown in Fig. 4.2.  
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4.4 IDENTIFICATION OF PARAMETERS  
 
The changes in natural frequencies of the system with the corresponding stiffness 
values in the two directions (z and γ), which govern the first two modes, are presented 
in table 4.1. This table can give the basic idea of the spring stiffness are directly related 
to the natural frequencies in the simulation results. The corresponding stiffness can be 
taken from the experimental result. The k and c values employed in this simulation are 
presented in table 4.2 and the natural frequencies for the first two bending modes are 
assumed as 3.65 Hz and 54.63 Hz, though these values should be taken from the 
experiment. The appropriate initial stiffness values for the springs were estimated at 
first and the natural frequencies of the system were determined from simulations using 
ABAQUS [21], Natural Frequency Extraction. Lanczo’s method was used as 
eigenvalue solver. Although the damping was present at the model, the natural 
frequencies of the system were approximated since the natural frequencies of the 
system are usually close to the resonance frequency at small damping.  
 
When the two bolts are loosely tightened with the same torque so that the clamping 
pressure on the bolted areas on the plates are the same and k and c values are, hence, 
taken to be the same for the springs and dashpots in the corresponding directions. The 
springs in the other directions (x, y, α and β)  need to be firm enough to provide the 
rigidity in their directions. These stiffness values and corresponding coefficients of 
damping are listed in table 4.3 and they are found out to be sufficiently firm for 




4.5 THE DISORDERED STRUCTURAL INTENSITY AT PLATES  
 
Structural intensity vectors are plotted for separate plates for more detailed 
examination. The structural intensity fields of the plates at excitation frequency of 
54.63 Hz are shown in Fig. 4.3. From these results, though the point of energy input 
can be clearly identified, it is found that the directions of the structural intensity vectors 
near the bolted areas are disordered. Hence, it is necessary to determine the reason 
causing this problem. 
 
4.5.1 Effects of rotational springs and dampers 
 
In order to source out the reason that has caused these disordered directions of intensity 
phenomenon, two further simulations have been carried out. The same simulation setup 
as in previous section has been employed. The only differences in these simulations are 
the combinations of springs and dashpots at the two spring-dashpot systems 
representing the bolts. 
 
For the first simulation, springs and dashpots are only active in three translational 
directions (x, y and z) while in the second simulation, the spring-dashpot systems 
operate in three rotational directions (α, β and γ). The results are illustrated in Figs.4.4 
and 4.5. Fig. 4.4 shows the energy information while Fig. 4.5 does not. From the results 
shown in Figs. 4.3, 4.4 and 4.5, the existence of the rotational springs and dampers can 
be identified as the reason that leads to the irregular directions of structural intensity 
vectors near the bolted region.  
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4.5.2. Shear force effects 
 
In order to further investigate how the rotational springs and dashpots affect the 
structural intensity vectors, the structural intensity vector due to transverse shear force, 
bending moment and membrane forces for simulation in section 3.2.1 has been 
calculated independently. From the computation of structural intensity for the three 
different components, it is found that the membrane stresses structural intensity 
component is millions times smaller than the shear and moment component. It has no 
significant effect on the structural intensity field. 
 
In Figs. 4.6 and 4.7, it is found that the shear force induced by the rotational springs 
and dashpots causes the disordered directions of the structural intensity vectors. From 
the plot, the moment structural intensity component is continuous but it does not show 
the energy source and energy sink clearly. The direction of the transverse shear 
structural intensity component is disordered near the bolted joints, but it does give the 
location of the energy source. 
 
From Fig. 4.8, plotting the transverse shear forces on the plates, it can be seen that 
during the vibration of the plate-plate structure, the compressing and retracting motion 
of the rotational springs and dashpots has induced a sudden increase in the transverse 






4.6 IDNETIFICATION OF THE BOLTS 
 
Translational springs and dashpots were only considered in later simulations since 
translational springs could provide enough rigidity for the jointed structure for flexural 
vibration at certain modes. The nature of resulting energy flow patterns were observed 
as the same for the plate at the excitation frequencies of 20 Hz and 30 Hz, all the two 
bolts act as sinks for the first plate as shown in Fig 4.9, in the absence of rotational 
spring-dashpot system. However, it can be seen from Fig. 4.10, that when the structure 
is excited at the frequency of 10 Hz the upper bolt acts as a sink and the lower bolt 
behaves like an additional source or energy reflection for the first plate. This may be 
due to the effect of excitation frequencies. The locations of the bolts can be identified 
in every case of study. 
 
4.6.1 Effects of the relative damping at the bolts 
 
The damping at the bolts was increased by varying the preload at the bolts to examine 
the effects of relative damping of the bolts. In this case, the clamping force of one bolt 
is lower than the other and different stiffness and damping coefficients of values are 
therefore used for separate spring-dashpot systems at each bolt. The excitation 
frequency of 10 Hz is used because of the presence of the energy reflected back at this 
frequency and the magnitude of energy rebound has roughly the same magnitude as the 
original source as shown in Fig. 4.10. When the damping coefficient at the upper bolt 
was increased from 40 Ns/m to 130 Ns/m with a decline in stiffness of 5.2 x 105 to 4.2 
x 105 (in z direction) whereas the parameter of the lower bolt was kept constant and the 
location of lower bolt changed to be identified as the energy sink for the first plate as 
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shown in Fig.4.11. It can be noticed from Fig.4.10 (a) and 4.11 (a) that the lower bolt is 
converted from the source to the sink by changing the damping of the upper bolt. 
 
According to the power flow patterns of the results, the energy sinks from the first plate 
to the second plate at the upper bolt. Then, the energy returns back from the second 
plate at the lower bolt. If the energy input for the second plate is great, the energy flow 
back from the second plate will be great, too. When the capacity of energy dissipation 
at the second bolt was less than the energy output from the second plate, the energy 
was rebound back to the first plate.  
 
After that, the damping at the upper bolts was increased to 130 Ns/m, there might be 
more energy dissipated at the upper bolt and the energy flow into the second plate 
probably be less than that of having less damping at upper bolt. The amount of energy 
dissipated at the lower bolt was also less than that of previous cases since energy input 
was smaller. Therefore the lower bolt was capable to dissipate both the energy from the 
second plate and some part of energy from the first plate. According to the above 
results, structural intensity field can indicate the locations of the loose bolts when the 
two bolts having the same damping at the bolts. Increasing the damping at a bolt can 
prevent the energy flow back to the main plate. 
 
4.6.2 Effects of the additional damper 
 
The investigation of structural intensity at the joint was extended by introducing an 
additional damper to the right hand plate and the damping at the bolts were taken the 
same as uniform torque on the bolts. A damper with coefficient of 200 Ns/m is attached 
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to the right plate at x = 0.4 m and y = 0.3 m. The structural intensity field at excitation 
frequency of 10 Hz is shown in Fig. 4.12.  
 
Structural intensity field can indicate the sources and the sinks of both left and right 
plates. One can easily notice by comparing the two results, Fig. 4.10 and Fig.4.12, 
without the presence of the additional damper, the lower bolt acts as a sink for the right 
plate at all the frequencies of study. Besides, at the excitation frequency of 10 Hz in the 
former case, it was observed as an energy source reflected back from the left plate. 
However, in the presence of additional dashpot, both the upper and the lower bolt 
behave like sinks for the first plate and sources for the second plate.  
 
All the energy is dissipated at the additional damper and the energy flow patterns are 
different from that without this damper. Therefore, the damping capacity of the bolts 
plate-plate structure can be increased by attaching a damper at the right plate since the 
damping at the bolts need not to dissipate the power flow back from the second plate 
and no energy rebound to the first plate was observed. 
 
A certain amount of energy may be dissipated at the bolts while transmitting between 
two plates. However, the exact amount of energy dissipated at the bolts cannot be 
easily identified from the structural intensity vectors since the vectors only indicate the 
relative magnitude in a separate diagram i.e. the vectors are not representing absolute 
values of the power flow. 
 
The magnitude of energy dissipation at the additional damping relative to energy input 
at the second plate can be analyzed. We can consider that the same quantity of energy 
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is transmitted from the first to the second plate when the parameters of the bolts and 
frequency remain the same. The results obtained by changing coefficient of this 
dashpot show that the damping at the additional dashpot has no remarkable influence 
on structural intensity.  
 
The effect of frequency in this case was observed at the excitation frequency of 40 Hz. 
The magnitude of energy flows out from the first plate at the upper bolt was small 
compared to the lower bolt so that the upper bolt was unclear in the structural intensity 
field. This could be due to the energy flow path and most of the energy was transmitted 




The structural intensity of plates connected by loosened bolts was determined with 
different parameters. A simplified mathematical model was employed for modeling and 
describing the characteristics of a bolted joint. When the plates were modeled using 
shell element, the structural intensity vectors were disordered at the mating section near 
the bolt. The effects of rotational springs and dashpots were identified as the factor 
causing complex directions around the bolts. The effects of varying damping at the 
bolts were investigated and varying the damping can prevent the energy rebound back 
from the compliant plate to the source plate. No energy is reflected back to the joint 













about y-axis (γ) 
(N-m/rad) 
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at the second 
bending mode 
(Hz) 
5.2 E+6 5.3 E+3 10.2 57.77 
5.2 E+5 5.3 E+2 6.57 54.63 
1.1 E+5 1.2 E+2 3.65 42.88 
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The k and c values for the joint with uniform pressure at the bolt in the two flexible (z 
& γ) directions 
 
Directions Spring stiffness Damping coefficient Damping factor 
Translational along 
z-axis 5.2 E+5N/m 40 N-s/m 0.21 
Rotational about 





The k values for the joint  with uniform pressure in other four (x, y, α and β) directions 
 
Directions Spring stiffness 
Translational along x-axis (x) 5.2 E+7 N/m 
Translational along y-axis (y) 5.1 E+7 N/m 
Rotational about 
x-axis (α) 120 Nm/rad 
Rotational about 


























































Fig. 4.1 (b) Schematic diagram of two square plates joined together 


















Fig.4.2 The finite element models of two square plates joined 
together by two bolts. 


























































Fig.4.3 Structural intensity field for (a) left hand side plate (b) right
hand side plate, joined together by two loose bolts; the excitation

























































Fig.4.4 Structural intensity field of (a) left hand side plate (b) right 
hand side plate; plates are connected by loosened bolts; 54.63 Hz 




















































Fig.4.5 Structural intensity field for (a) the left (b) the right plate;
two plates are joined together by two loose bolts; the excitation























































Fig. 4.6 Structural intensity field of (a) the left (b) the right
plate caused by bending moment (Moment component






















































Fig. 4.7 Structural intensity field of (a) the left (b) the right plate























































Fig. 4.8 Shear forces distributions at (a) the























































Fig. 4.9 Intensity vectors of the bolted plates at 20 Hz (a) the 























































Fig. 4.10 Intensity vectors of the bolted plates at 10 Hz (a) the






















































Fig. 4.11 Structural intensity diagram of the jointed plates at 10
Hz (a) the left (b) the right plate. (Damping at the upper bolt is
























































Fig.4.12 Intensity field of plates connected by two bolts (a) the left
(b) the right plate; an additional damper is attached at x = 0.4 m and














The structural intensity vectors were disordered in the matting section when the 
rotational components are included in parallel spring-dashpot systems that used to 
connect the two plates at corresponding center-nodes as described in the previous 
chapter. The dynamic effect of rotational springs and dashpots on the shell elements 
was observed as the factor causing complex directions of intensity around the bolts.   
 
In this chapter, the natural frequencies of the plate-plate structure were reduced and the 
distributed springs and dampers were employed to characterize the actual joint 
behavior as an attempt to overcome the above mentioned problems. The simplified 
model that consists of parallel spring-dashpot systems acting in all six degrees of 
freedom is still assumed to represent the characteristics of the bolted joint. The 
loosened bolts were modeled by discrete as well as distributed spring-dashpot systems. 
The distributed springs and dampers were introduced to illustrate the joint behavior in 
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conjunction with shell elements of the plates over a finite area assuming the distributed 
clamping pressure instead of single point connections at the centers. Comparisons of 
the numerical results between the joint model comprises of single-point type 
connections at bolt centers and the model with distributed connections around the 
bolted area on joint are presented and discussed. The parameters of the bolts with the 
same clamping pressures are identified by iteration procedures as in the previous 
chapter.  
 
5.2 THE FINITE ELEMENT MODEL  
 
The geometrical setup, boundary conditions, material properties and the magnitudes of 
the load and damper of this model are similar to that used in the previous chapter. The 
differences are the finite element meshes around the bolts, the clamping pressures at the 
bolts, the natural frequencies and the frequency of excitation force. The finite element 
model is shown in Fig. 5.1 and two circles having the radius of 0.025 m each are 
assigned as the bolted areas. The mesh densities in the bolts areas are increased to 
achieve finer meshes for distributed systems. The plate-plate joint model was 
composed of 1056 eight-node shell elements and 3330 nodes.  
 
 
5.3 IDENTIFICATON OF PARAMETERS 
 
The system having low natural frequency is considered for this section based on the 
assumption that the loosened joints are at the lowest natural frequencies possible for the 
system and taken as the lower bound frequency cases. The frequencies of 0.608 Hz and 
 55
20.58 Hz were assumed as the resonance frequencies at the first and the second 
bending modes of the system attained from the experiment. The joint was also modeled 
in two manners. In the first case, the two plates were connected by the discrete spring-
dashpot systems only at the center points of the circle as shown in Figure 5.2(a). For 
the second case, the two plates were connected by the distributed spring-dashpot 
systems at all the corner nodes over the areas of the bolts as shown in Figure 5.2(b) 
assuming that the clamping pressure was exerted over a finite area around the bolts. 
The physical parameters required for the finite element simulation were attained by 
using the procedures outlined below. 
 
5.3.1 Single point connection systems 
 
For the case of the equivalent spring-dashpot systems at the center points of the circles 
or center points of the bolts, the parameters are identified for both the previous and the 
present FE models. Procedures for identifying the parameters are identical to that in the 
previous section. The parameters observed are identical for both the present model and 
the previous model and therefore the present model is a reliable FE model for the study. 
The stiffness values of the springs that are sufficiently rigid for supporting the structure 
and the corresponding coefficients of damping in all directions are listed in Table 5.1. 
 
5.3.2 Distributed spring-dashpot systems over a finite area 
 
Since the shell element has little resistance against the moment, torsional springs with 
high stiffness and torsional dampers with large coefficients of damping usually causes 
localized rotational deformations around the attached points. In order to relief the 
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sudden increases in shear stresses associated with the localized rotational deformations, 
the distributed spring-dashpot systems were attached over circular areas to represent 
the bolts. The diameter of the outermost ring was 0.05 m. The pressures and the 
damping capacities were assumed varying form the outermost ring to the inner rings 
linearly with maximum at the center points. The values of the springs’ stiffness and the 
damping coefficients were considered distributing in similar manner. 
The equivalent stiffness of the distributed springs was determined by comparing the 
frequencies of the present joint model to which of the previous joint model with single 
spring-dashpot system. An iteration procedure was employed for estimating the 
stiffness.   The damping coefficients of the distributed systems were calculated from 
single spring-dashpot systems in terms of the equivalent energy dissipation. The spring 
stiffness and damping coefficients of the distributed systems are listed in Tables 5.2 
and 5.3.  
 
 
5.4 RESULTS AND DISCUSSION 
 
The structural intensities of the jointed structure with two joint models were computed 
for the frequency of second bending modes.  The linear scale is used in the intensity 
diagrams.  The structural intensity fields are plotted for separate plates and the intensity 
vectors near the bolted regions are enlarged and shown next to the corresponding 





5.4.1 Single point connection  
 
The structural intensity of the plates with single point connections at the excitation 
frequency of 20.03 Hz, the second bending mode, is shown in Fig. 5.3. The structural 
intensity of the plates for the previous is also computed for the verification purposes 
and shown in Fig. 5.4. The positions of the energy sources and sinks can be identified 
for both plates and the energy flow paths are clear for both models. The nature of the 
energy flow pattern is also identical. The energy balance (detail in section 5.4.3) was 
performed and the input and output energy data for the previous model and the present 
model are also in good agreement. Therefore, it is clear that the finite element mesh in 
the present study can produce liable results.  
 
Bolts positions are identified as the sinks for the excited plate. One bolt acts as a source 
while the other does as a sink for the adjoining plate. The main streams of energy flow 
in the plates are nearly a straight line from the source to the sink rather than round 
about. It is clear form the fact that when the plate assembly is vibrating at it second 
bending mode, each plate resumes roughly the shape of its first bending mode. The 
main stream of power flow of a plate at first bending mode and around this mode is 
nearly directly between the source and the sink. [As in Fig. 3.2] 
 
The total power exchange of the system between the force and the bolts can be 
obtained by two methods. The first method is that the input power is directly computed 
form product of the input force and in-phase component of its velocity. The net power 
dissipated at the bolts is equal to the power dissipated at the dampers at the joint and it 
can also be calculated from the relative velocities across the dampers.  
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In the second method, the power injected to the left plate by the excitation force is 
computed form integrating the structural intensity field by using trapezoidal rule. 
Moreover, the amount of power leaving the first plate and entering and leaving the 
second plate can also be obtained from the integrated intensity around the bolts. The 
net energy loss at the upper bolt is the difference between the energy leaving the left 
plate and that entering the right plate. The sum of the energy leaving two plates at the 
lower bolt is equal to its total energy loss. The integration path for input power consists 
of 4 points and these for the bolts consist of 16 points to enclose the bolted areas. Since 
there are no losses due to the structural damping, the power balance reveals the input 
power to the jointed plates system is nearly equal to the losses at the bolts for both 
methods. The input power of the whole assembly and power dissipated in the bolts are 
given in Tables 5.4 and 5.5. The results from the integration method are slightly greater 
than the previous method and it seems the results for the latter are path dependent. The 
slight errors between inputs to putouts are presented in these results and it may be due 
to round off error involved in FEM analysis.  
 
The energy dissipation and transmission characteristics of the joints can be interpreted 
from the intensities of plates. The transmission of energy from the first plate to the 
second plate can be observed at the upper bolt. The transmitted energy is partially 
dissipated at this bolt but the excess energy becomes the energy input for the second 
plate. The energy dissipation characteristics of the joint can be clearly seen at the lower 
bolts. It acts as energy sinks by dissipating all the incoming energies from the two 
plates. These indications on the structural intensity diagrams agree well with the energy 
balance results in Tables 5.4 and 5.5. The unsymmetric position of the excitation force 
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results in unequal amount of energy flow across the joint and yields different energy 
losses in the bolts.  
 
5.4.2 Distributed connections   
 
Fig. 5.5 illustrates the structural intensity of plates with distributed systems and the 
intensity plots can describe the information of energy flow in the plates as well. The 
indications of intensity vectors are similar to that of the single point connection systems 
except, the magnitudes of the intensity vectors at the center points are smaller. This is 
due to the fact that the energy dissipation occurs in distributed areas rather than at two 
points. 
The results of energy balance for the distributed systems are also listed in Tables 5.4 
and 5.5. The amounts of injected power and total dissipated power are approximately 
the same for the former and the latter cases. Moreover, the power losses in the upper 
and the lower bolts are also nearly identical. Although the power balance is satisfied for 
each approach separately, the difference between two is quite pronounced in this case.  
 
Fig. 5.6 shows the intensity field of the left hand side of two models at the frequencies 
of 10 Hz and it is clear from the results that the distributed systems can clearly indicate 
the source and the sink while the single connection types could not. When the structure 
is vibrating at the second bending mode, the participations of the rotational component 
are minimum and their effects are insignificant. At the first bending mode or at an 
intermediate frequency between these two modes, the effects of the rotational 
components give rise to numerical problems. It is clear from the results that both 
approaches are capable of indicating the power flow phenomenon. The second 
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approach seems a potential method for solving the difficulties encountered in the cases 




The disintegration of structural intensity vectors at the matting sections has been 
overcome for low natural frequencies. The distributed clamping pressure (i.e. the plates 
are connected by distributed spring-dashpot systems) is introduced to characterize the 
bolts. Both single and distributed systems indicate the source, the sinks and the energy 
flow information. The structural intensities of the jointed plates can be estimated 
characterizing the energy transmission and dissipation of the loosened bolts at the joint 
using both systems.  The energy transmission and damping characteristic of the joint 
can also be indicated well. Good agreements in both the intensity diagrams and power 
balance are observed between the two models. Modeling the loosened bolts by the 
distributed system seems a potential method in the presence of rotational springs and 




















Spring stiffness and coefficients of dashpots for the single spring-dashpot system 
Direction  Spring stiffness   Damping coefficient  
Translation in x (x) 5.1 x107  N/m N/A 
Translation in y (y) 5.2 x107 N/m N/A 
Translation in z (z) 1.68 x104 N/m 185 N-s/m 
Rotational about x (α) 2.98 N-m/rad 0.0285 Nm-s/rad 
Rotational about y (γ) 2.98 N-m/rad 0.0285 Nm-s/rad 












Table 5.2  
Spring stiffness for distributed spring-dashpot systems 
Direction Units center Ring 1 Ring 2 Ring 3 Ring 4 
Translation in x (x) N/m 5.1x106 4.1x106 3.1x106 2.1x106 1.1x106 
Translation in y (y) N/m 5.2x106 4.2x106 3.2x106 2.2x106 1.2x106 
Translation in z (z) N/m 4x103 4x102 3x102 2x102 1x102 
Rotation about x (α) N-m/rad 5x10-2 4x10-2 3x10-2 2x10-2 1x10-2 
Rotation about y (γ) N-m/rad 5x10-2 4x10-2 3x10-2 2x10-2 1x10-2 






Table 5.3  
Damping coefficients for distributed spring-dashpot systems 
Direction  units center Ring 1 Ring 2 Ring 3 Ring 4 
Translation in z N-m/s 40.5 4.2 3.2 2.1 1.1 
Rotation about x (α) N-ms/rad 7x10-4 4x10-4 3x10-4 3x10-4 3x10-4 









Comparison of powers form velocities at 20.03 Hz 
 Distributed systems Discrete system 
Input power (mW) 6.05   5.9  
Total dissipated power 
(mW) 5.65  5.65  
Lower bolt (mW)  3.4  3.45  
Upper bolt (mW)  2.25   2.2  
Percentage error of input to 






















Comparison of powers from integration of SI at 20.03 Hz 
 Distributed systems Discrete system 
Input power(mW) 6.45  6.15  
Total dissipated 
power(mW) 6.45  6.2  
Power leaving and entering 
 Left plate Right plate Left plate Right plate 
Lower bolt(mW)  2.85 (out) 1.1 (in) 2.75 (out) 1.1 (in) 
Upper bolt(mW)  3.6 (out) 1.1 (out) 3.45(out)  1.1 (out) 
Dissipated power 
Lower bolt (mW)  3.95 3.85 
Upper bolt(mW)  2.6 2.45 
Percentage error of input to 





















































Fig. 5.1 The finite element model of plates overlap over a 
distance of 0.1 m. 
(a) 
Fig. 5.2. (a) A spring-dashpot system connecting the two plates at the center 
point (b) The distributed spring-dashpot systems connecting two plates over 




















Fig. 5.3  Structural intensity of the plates with a single point attached spring-
dashpots system. (a1), (a2), (b2) and (b1) show the enlarged views of the 




















































Fig. 5.4 Structural intensity of the plates with a single point attached 








































Fig. 5.5 Structural intensity fields of plates with distributed springs and 
dashpots systems. (a1), (a2), (b1) and (b2) show the enlarged views near the 






















































Fig. 5.6 Structural intensity of (a) Distributed system and 
(b) Single system at Excitation frequency 10 Hz. 
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CHAPTER 6 





In many engineering structures, holes and cutouts are present for several purposes. For 
example, openings in the webs are provided on plate girders for service, maintenance 
and inspection in high way bridge constructions. Plate structures with cutouts are very 
common in aerospace structures. The cutouts or openings are generally made to alter 
the resonance frequency, to reduce the weight or to access the necessary areas. The 
effects of cutout size and position on the fundamental frequency coefficient “Ω” were 
presented by Laura et al.  [47] and Larrondo et al. [34]. However, the cutout usually 
reduces the static and dynamic strength of a structure. Delaminations mainly occur at 
cutouts or holes in composite structures. The structural intensity method can be used to 
monitor the vibrational characteristics of plate structures in the presence of cutouts.  
Plate girders with central circular and rectangular openings at the web were analyzed 
using the finite method by Shanmugam et al. [29]. A there-dimensional finite element 
model was utilized for the parametric studies of curved girders with web openings. 
Curve panels and plates with cutout exposed to dynamic in-plane loading were 
investigated by Sahu and Datta [30]. The effects of parameters governing the instability 
regions were studied considering the transverse shear deformation and rotary inertia 
effects. Lee et al. [31] presented a method to obtain the natural frequencies of a 
rectangular plate with rectangular cutout. The Rayleigh quotient was employed to 
determine the natural frequencies incorporating sub-domain divisions. Lee et al. [32] 
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also studied the free vibrations of rectangular plates with cutouts considering the effects 
of transverse shear deformation and rotary inertia on the natural frequencies. Laura et 
al. [33] proposed an analytical method based on the Rayleigh-Ritz principle to 
determine the dimensionless natural frequency of rectangular plates with rectangular 
openings. A double Fourier series was assumed for the displacement amplitude to 
satisfy the required boundary conditions. The rectangular plate with varying thickness 
and cutout was analyzed by Larrondo et al. [34] using the Rayleigh-Ritz method with 
double Fourier series displacement field.  
 
There is no reported work on the structural intensity of plates with cutouts. The 
structural intensity fields of rectangular plates with a cutout are investigated to predict 
the power flow which may enable an analyst to solve structure-borne related noise 
problems. The convergence study with respect to the element size on intensity field 
around the cutout was performed. The numerical examples are presented and the 
prediction of the energy transport on the plate having a cutout is discussed. The effect 
of shapes, sizes and positions of cutouts are also taken into account. 
 
6.2 PLATE MODEL WITH CUTOUTS 
 
A rectangular plate of size 1 m x 0.8 m having different shapes of cutouts at different 
positions are considered in this study. The cutouts are square and circular in shapes. 
The plate is of thickness 6 mm and it is simply supported at all edges. The plate is 
made of steel and the material properties are as follows: Young’s modulus = 210 GPa, 
Poisson ratio = 0.3 and mass density = 7800 kg/m3. A viscous damper is attached to the 
plate at coordinates of (0.8 m, 0.6 m) and it has a damping coefficient of 120 Nm/s. 
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The excitation force having a magnitude of 100 N is used to vibrate the plate structure. 
The structural intensity of the plate with the cutout is investigated at the frequency of 
37.6 Hz, which is close to the frequency of the first fundamental mode. The excitation 
force is located at the coordinates of (0.15 m, 0.15 m) on the plate. The positions of the 
point excitation force and damper are fixed while the excitation frequency, the sizes, 
the shapes and locations of the cutouts are varied for the present study. 
 
6.3 RESULTS AND DISCUSSION 
 
6.3.1 SI near cutouts 
 
The finite element model of the plate with a square cutout having a size of 5 cm x 5 cm 
is depicted in Fig. 6.1. The lower left hand corner of the cutout is located at the 
coordinates of (0.45 m, 0.35 m). The model consists of 395 shell elements with 1277 
nodes. The mesh densities around the cutout are increased to refine the structural 
intensity vectors around it. The structural intensity field of the plate is shown in Fig. 
6.2. It can be seen from the figure that the intensity vectors show the energy 
transmission paths and indicate the locations of source and sink as in the plate with no 
cutout. In addition, a significant concentration of energy flow pattern can also be 
observed at the edges on the plate near the cutout boundary. The magnitudes of 
structural intensity vectors at the upper and lower edges of the plate at the cutout 
boundary are larger than that of the adjoining areas.  
 
Furthermore, the directions of these vectors at the edges deviate from normal path and 
turn away from the cutout. The directions do not totally change away from the cutout 
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since the vector directions change smoothly as the geometry of the plate changes 
abruptly. It implies that when the cross sectional area of the plate is reduced by the 
presence of the cutout, the vibration energy is confined to flow within a narrower cross 
sectional area that is closer to the cutout. The direction of structural intensity flow also 
diffracted from the path when a cutout exists on its path. The indication of existence of 
the cutout is clear in the structural intensity diagram so that the intensity technique can 
be use to identify the presence of a cutout in a plate. 
 
6.3.2 Convergence study of the results 
 
Simulations are performed to evaluate the accuracy of the finite element results by 
calculating the structural intensity vectors near the cutout using different element 
densities around the cutout region as shown in Fig. 6.3. The numbers of elements and 
nodes consisted in each model are listed in Table 6.1. A particular point near the cutout 
region, the coordinates of x = 0.325 m and y = 0.525 m was selected to compute the 
structural intensity for convergence study. The actual values of x and y components of 
the intensity are listed in table 6.2. The centroidal values with the same size of element 
are used in this comparison, except for very fine-mesh cases. The numbers of elements 
in very fine-mesh case are approximately four times larger than that of the original 
meshes and the averaged value of four elements was used for comparison. It can be 
seen that the results are in good agreements. This suggests that the converged solution 





6.3.3 Other investigations 
 
Moreover, a cutout of smaller size at a different position is investigated on the plate 
having a square cutout with smaller size of 2.5 cm x 2.5 cm at the centre of the plate. 
The model consists of 464 elements and 1480 nodes. The energy flow pattern around 
the cutout is shown in Fig. 6.4 and it is similar to that of the previous results. The 
intensity field at the excitation frequency of 82.06 Hz and 107 Hz are also determined 
and the results are shown in Figs. 6.5 and 6.6. A smoother energy flow pattern around 
the cutout can be observed and this may be due to the changes in mode shapes at these 
frequencies.  
 
In order to further verify the energy flow path around the cutout, the investigation is 
extended to a different shape of cutout. A circular cutout with a radius 2.5 cm is created 
at the center the rectangular plate and the structural intensity field of the plate is shown 
in Fig. 6.7. The model consists of 524 elements and 1480 nodes. The smooth flows of 
energy with different magnitudes around the cutout can be observed as in the earlier 
cases showing the existence of the cutout. 
 
The effects of variation of the positions of the cutout on the structural intensity fields 
are explored by using a plate with an edge cutout. The energy flow pattern of the 
rectangular plate with the edge cutout is shown in Fig. 6.8. For this case, although the 
intensity fields near the boundary are small for the plate which is simply supported 
along four edges, the significant magnitude of intensity vectors along the cutout edges 
can be observed.  
 
 74
A plate simply supported only along the two opposite short edges is considered to 
examine the case with greater magnitude of energy flow near the boundary. The result 
is shown in Figs. 6.9 and 6.10. As expected, a more considerable amount of energy 
flow can be noticed near the free edges. The effect of the position of the damper is 
examined by moving the damper to a new position (x = 0.8 m and y = 0.15 m) and the 
structural intensity diagram is described in Fig. 6.11. It can be seen that near-cutout 
energy flow pattern is still present. 
 
Finally, the input powers were determined for the plates with the same dimensions 
having various sizes and position of cutouts. The material properties and loading 
conditions are similar for all cases. The energy input and the structural intensity of the 
element at the coordinate of x = 0.675 m and y = 0.175 m are given in table 6.3 for four 
cases.  The first two resonances of each plate are also presented in the table and they 
are not different from one plate to another. However, it can be noticed from the results 
that the injected power to the system and the intensity at this single point are different 
in each case. These results imply that the presence of the cutout can be sensed by 
determining the input power to the system or the intensity at a certain point. This may 
be due to the fact that the presence of cutout changes the flexural rigidity of the plates. 
It also causes changes in the phase of the velocity. So this also changes the net input to 




The structural intensity technique was used to identify the presence of a cutout in a 
rectangular plate. The effects of the presence of cutout on the intensity field were 
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explored and discussed. A mesh refinement study was conducted to ensure satisfactory 
convergence around the cutout. The structural intensity near the cutout is significant in 
both direction and magnitude. The near cutout energy flow is discernable for cutout of 
various positions, shapes and excitation frequencies as well as different position of 
damper. Moreover, the presence of a cutout in a rectangular plate can also be identified 
























        
Table 6.2  The x and y components of the intensity values at co-ordinate 
 (x = 0.325 m, y = 0.525 m ) 
Figure number x-component (watt/m2) y-component (watt/m2) 
6.4 (a) coarse 14.98 11.23 
6.4 (b) medium 15.03 11.20 
6.4 (c) fine 15.21 10.99 





Table 6.3  Input powers and the SI comparison for plate with different cutouts  










Center 5 cm x 5 cm 37.6, 82.06 30.94 8.009 5.32 
2.5 cm x 2.5 cm 37.75, 82.09 17.42 4.5 2.95 
Diameter 5 cm 37.66, 82.08 27.22 7.06 4.67 
Edge 5 cm x 5 cm 37.8, 81.91 12.87 3.34 2.26 
 
 
Table 6.1 The data for finite element models 
Model figure Numbers of elements Numbers of nodes 
Fig. 6.3 (a) 355 1157 
Fig. 6.3 (b) 395 1277 
Fig. 6.3 (c) 455 1457 




















































Fig. 6.2 The structural intensity of a plate with a cutout at the 
frequency of 37.6 Hz (near the natural frequency of the first 
mode) (Fig.4 (b)). 
Fig. 6.1 The finite element model of a plate with a 






















































Fig. 6.3 Mesh densities around the cutout (a) coarse (b) 
normal (c) fine (d) finest 
(a) 
(b) 
Fig. 6.4 The structural intensity field (a) of a plate with a smaller 




















































Fig. 6.5 SI field of a plate at an excitation frequency of 82.06 Hz. 












































Fig. 6.7 Structural intensity (a) of a plate with a 
circular cutout at the center (b) around the cutout. 
(a) 
(b) 
Fig. 6.8 The structural intensity field of a plate with a 




















































Fig. 6.9 The structural intensity field of a plate with a 
square cutout at the edge at 14.29 Hz. The plate is 
simply supported along the two opposite short edges. 
Fig. 6.10 The structural intensity field of a plate with a 
square cutout at the edge, at 28.13 Hz. The plate is 




















































Fig. 6.11 SI field of plate having a cutout with a damper 
















It has been acknowledged that the presence of a flaw or local defect in structural 
elements leads to changes in local flexibility. The structural characteristics affected by 
fatigue initiated cracks or manufacturing defects often result in unpredictable, even 
disastrous structural responses. Thus, the understanding of the dynamic behavior of 
cracked structures and crack detection and monitoring methods are the focus of 
numerous studies. In addition, vibration-based health-monitoring methods seem 
promising alternatives for on-line damage detection. However, a large number of 
literatures are available relating the determination of stress intensity factor at the crack 
tip and only a limited number of papers are concerned with the vibration related 
damage identification and diagnoses of plate structures. 
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Damage detection vibration analysis to predict the location and depth of crack in a 
rectangular plate was carried out by Khadem and Rezaee [35].  A comprehensive 
review on the literature of the vibration of cracked structures was made by 
Dimarogonas [36]. The influence of cracks on the natural frequency of the plate has 
been investigated in [37-40].  Stahl and Keer [37] determined the natural frequencies 
and stability of the cracked plates by using the homogeneous Fredholm integral 
equation of the second kind. Lee [38] investigated the fundamental frequencies of 
annular plates with internal cracks using the Rayleigh method. A single term deflection 
was assumed in conjunction with the proposed simple sub-domain method. The 
vibration of a rectangular plate with a parallel crack to one edge was studied by Solecki 
[39]. The Fourier sine series was assumed for in-plane displacement and generalized 
Green-Gauss theorem was used for determining the coefficients. Krqwczuk et al. [40] 
proposed to consider the effect of plasticity at the crack tip in modeling a crack plate 
and the effects of crack length on the natural frequency was investigated. However, this 
study showed that the effect of plasticity on the natural frequency can be neglected. Li 
et al. [14] proposed the diagnosis of flaw at structure members using vibrational power 
flow. A defective periodic beam structure was studied and the position and size of the 
flaw can be identified using structural power flow. 
 
In this study, the structural intensity of the plate affected by the presence of a crack is 
considered. The structural intensity technique is employed to investigate the changes of 
structural characteristics caused by the crack-like defects which result in the changes of 
energy flow pattern of SI near the cracks.  A higher order of mesh refinement is used at 
the crack tip region.  
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7.2 MODELING THE CRACKED PLATE 
 
Several methods have been proposed to model the crack tip to obtain a good result for 
the crack tip stress field. The singular elements or special elements at the crack tip are 
preferred [36, 39] if the behavior of crack is under investigation. The use of quarter 
point element has found in [42, 43] and this method is favored in the finite element 
modeling because of its accuracy and simplicity. However, for the users of general 
purposes finite element programs, a more convenient approach is to increase the mesh 
density at the crack region [44]. The h-order mesh refinement at the crack front can be 
used to predict the overall stress and displacement with acceptable precision [44, 45].  
 
Malone et al. [44] used triangular linear elements to predict the vertical displacement 
and stress intensity factor of an infinite plate. The sizes of elements were increased for 
regions approaching the crack tip. Vafai and Estenkanchi [45] carried out a parametric 
study using four-noded shell element on cracked plates and shells. Stress and 
displacement fields were predicted by a high order mesh refinement at the crack tip 
with no singular or special element. It was also found that there was no difference in 
moment distribution of cracked plates modeled with and without crack tip singularity 
[37]. 
 
The finite element model used in this study is a simply supported rectangular plate 0.8 
m by 0.6 m in dimension and 7 mm in thickness as shown in Fig. 7.1. A through-
thickness crack having a length of 5 cm is assumed to present in the plate. Two 
different orientations of this crack, vertical and horizontal to the length of the plate, are 
considered. The plate is made of steel and the properties are: Young’s modulus E = 200 
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GPa; Poisson’s ratio ν = 0.3 and mass density ρ = 7850 kg/m3. The amplitude and 
frequency of the excitation force are 200 N and 51 Hz respectively. This excitation 
frequency is randomly selected to represent any frequency at low frequency range. A 
viscous damper with damping coefficient of 900 N-s/m is attached to the plate. The 
plate is assumed to have no structural damping. The excitation force is applied at x = 
0.15 m and y = 0.1 m and the damper is attached at x = 0.65 m and y = 0.45 m. The 
finite element meshes are refined in the crack region and a higher order mesh 
refinement is used at the crack tip in order to obtain sufficient accuracy of the stress 
and displacement predications [45] as shown in Fig.7.2. The mesh arrangements are the 
same for horizontal and vertical cracks. 
 
7.3 PREDICTION OF THE PRESENCE OF FLAW  
 
7.3.1 The Structural Intensity of Plate with Crack 
 
The structural intensity of the plate in the vicinity of a central vertical crack was 
computed and the structural intensity for the whole plate is shown in Fig.7.3. The 
energy is flowing from the source to the sink smoothly in a particular path in the area 
where there is no crack. The occurrence of abrupt changes in energy flow pattern is 
observed around the cracked region and is enlarged in Fig. 7.4. The diversion of the 
intensity vectors near the crack boundary can be clearly noticed. The results suggest 
that the intensity vectors are turned away from their normal paths which are directing 
toward the discontinuous crack boundary. In other words, the intensity flow direction 
near the crack is compelled to change by the presence of the crack when the 
discontinuous boundary of a crack is encountered. The intensity diagram also 
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demonstrates that there is no power flow across the crack. The energy flow is 
redistributed to the entire width of the plate at the undamaged section after passing the 
crack.  
 
Furthermore, the magnitudes of the structural intensities around the crack tip zone are 
comparatively large as it would be expected. The dynamic stresses and displacements 
at the crack tip field are complicated and so are the structural intensities near the crack 
tip. This is not the intension of this study. The present study aims to illustrate that the 
changes in the flow pattern of the structural intensity vectors just before and after the 
crack is able to show the presence of the crack and therefore has the potential to be 
used as a crack detection technique. 
 
7.3.2. Convergence of results and significance of crack  
 
In order to evaluate the accuracy of the results, a simulation was performed using 
different numbers of meshes at the central region enclosing the crack. The order of 
mesh refinement at the crack tip remained the same as the overall stresses might be 
influenced by the numbers of mesh refinements at the crack tip. The structural intensity 
of the crack plate was recomputed using different meshes and the intensity vectors in 
the neighborhood of the crack are plotted in Fig.7.5.  
The centroidal intensity values should be used for converged solution and varying the 
element sizes shifts the position of the centroids. Thus, the elements at the crack 
boundary having the same sizes were employed for comparing the results. The two 
results from identical simulation setups, except different meshes and numbers of 
elements are compared in Fig.7.6 and the x and y components of intensity values these 
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elements are given in Table 7.2. It can be seen from these comparisons that the two 
graphical results as well the numerical results are in good agreement. This implies the 
converged solution can be obtained by the original mesh. 
 
The changes of energy paths at crack were examined closely by placing the vertical 
flaw directly between the source and the sink. The excitation force and the damper are 
positioned along the line of symmetry of the crack (y = 0.3 m) in a manner that the 
crack is between them as shown in Fig. 7.2. A number of simulations were done by 
moving the source and the sink closer and closer to the crack along the imaginary line 
joining the source and the sink. The movements of the source and the sink were equal 
in distance. The locations of the source and the sink in the x directions are given in 
Table 7.1 and Fig.7.2. It can be seen from Fig.7.7 (a-e) that as the source and sink are 
closer to the crack edges, the changes in directions of intensity vectors are more 
significant. The directions of not only the vectors at the elements next to the crack line 
but also the vectors at the adjacent elements are changing as the distance between the 
source and the sink being reduced. In addition, the magnitudes of the intensity vectors 
at the elements at the crack boundary are increased by doing so. The results also reveal 
that the presence of the flaw can be easily identified by the drastic changes in the flow 
pattern of the structural intensity vectors near the crack when the flow of energy from 
the source to the sink is nearly perpendicular to the crack. 
 
7.3.3 Crack orientation effect 
 
The effect of the orientation of the crack with the direction of energy flow path is 
explored by changing the energy flow direction. Fig.7.8 shows the structural intensity 
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around the crack when the source and the sink are positioned in line with the crack. For 
this type of orientation of the source, the sink and the crack at this frequency, the 
presence of the crack is hard to be detected since the energy flow is parallel to the crack 
length. In the next case, the crack is assumed to be located horizontally to the length of 
the plate at the center of the plate. The structural intensity of the plate with a horizontal 
crack is presented in Fig.7.9. The alteration of the directions of structural intensity 
vectors can be observed clearly in Fig.7.10, an enlarged view around the crack. From 
the above investigations, it is found that the intensity vector must have one component 
that is perpendicular to the crack length for the crack to be easily detected. 
 
7.3.4 Crack length effect 
 
The effects of crack length on the identification of the crack were analyzed by plate 
models with different crack lengths. The crack is assumed to locate between the source 
and the sink, in these simulations. Fig. 7.11 illustrates the structural intensity vectors 
near a longer crack with a length of 10 cm and it can be seen that the presence of the 
crack is quite obvious. The structural intensity field near a relatively short crack with a 
length of 1.25 cm is shown in Fig.7.12. The changes of structural intensity vectors 
around the crack are less obvious than that of a longer crack. The sizes of the element 
must be reduced more and more as the crack length is reduced and it will make difficult 
to detect the changes of flow pattern. To detect the smaller crack, the source and the 
sink need to be moved closer to the crack. Fig. 7.13 shows the structural intensity 
vectors near the crack when the locations of the source and the sink are too close to the 
crack. As it can be seen from the figure, that the structural intensity vectors are turning 
around the crack and the presence of a small crack can be felt. 
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7.3.5 Input power and intensity value comparison 
 
The detection of the flaw by the structural intensity technique has been presented and 
discussed based on the structural intensity diagram. The input power to the plates with 
various size and position of vertical cracks were computed using the same simulation 
setups. The position of the force and the damper are xf = 0.0.325 m, yf = 0.3 m and xd = 
0.475 m, yd = 0.3 m respectively. It is the position “a” and “b” in Fig 7.2 and the crack 
is between them.  
Table 7.3 shows the input powers of the plates and the structural intensity values from 
the same size of element at the same location (x = 0.4375, y = 0.2125). These values 
for the plate with same properties and loading condition but having no crack are also 
investigated for comparison. The energy input and the intensity value in the plate with 
long crack is slightly greater than those of other plates, but it is not very significant. 
The results are nearly identical for the rest cases. The existence of the short and 
medium cracks cannot show the influence on the structural intensity of an element even 
placing the force and the damper close enough to the crack region. This result may 
suggest that it is hard to distinguish the length of the crack and to detect the crack by 
measuring the intensity value at any arbitral point. The other modeling technique for 
crack may be useful to identify the presence of the crack by the intensity technique. 









In this chapter, the structural intensity of a rectangular plate with a line crack is 
computed. The presence of the flaw can be detected using the structural intensity 
technique under certain circumstances. The horizontally located crack and vertically 
located crack as well as the effect of crack length are considered. The flaw can be 
identified by the changes of energy flow pattern near its boundary in the structural 
intensity diagram. The feasibility of the detection of a relatively short crack is 
comparatively lower than that of a longer crack unless the source and the sink are 
moved closer to the crack. When the crack length is parallel to the energy flow, the 
detection of the crack is not feasible. The orientation of the crack relative to the energy 
flow path is essential for detecting the presence of the crack. The intensity vector must 





































Table 7.1 The positions of the source and the sink along y = 0.3 m line. 
Figure 
number 
The x coordinates of 
excitation force (m) 
The x coordinates of the 
damper (m)  
7(a) 0.35 0.475 
7(b) 0.325 0.45 
7(c) 0.375 0.425 
7(d) 0.38125 0.41875 
7(e) 0.3875 0.4125 
Table 7.2 The x and y components of the intensity values for convergent study 
x-component (watt/m2) y-component (watt/m2) Element number 
(clockwise from 
upper left) Fig. 7.5 Fig. 7.7(a) Fig. 7.5 Fig. 7.7(a) 
1 3.5561 3.5772 2.998 3.0627 
2 3.5566 3.5772 2.998 3.0627 
3 3.5578 3.5767 2.9973 3.0625 
4 3.5578 3.5767 2.9973 3.0625 
Table 7.3  Input powers and the SI comparison for plates with different cracks  
the structural intensity 




Long  (10 cm) 5.44 5.41 1.64 
Center Medium (5 cm)  5.14 5.08 2.14 
Short (1.25 cm) 5.04 4.94 1.96 
Left side Medium (5 
cm) 5.11 4.97 2.01 




















































Fig. 7.1 The basic finite element model of a cracked plate. 
Fig. 7.2 A higher density FE meshes around the crack and showing the positions 
























































Fig. 7.4. Structural intensity around the vertical crack showing the 
changes in directions of intensity vectors at the crack edge (51 Hz). 









































Fig. 7.5. Structural intensity around the crack for the model with 
reduced numbers of elements. (51 Hz) 
(a) (b)
Fig. 7.6. Comparison of two results from two different FE models at four particular 






























































































































































Fig. 7.8. Structural intensity around the crack; the source and the sink 
are vertically located and parallel to the line of crack. (51 Hz) 
Fig. 7.7. Structural intensity vectors around the crack; the crack is located 
between the source and the sink at (a) the first (b) the second (c) the third (d) 





















































Fig. 7.9. Structural intensity field of the whole plate with a horizontal crack (51 Hz).
Fig. 7.10. An enlarged view of intensity vectors changing their direction at the 




















































Fig. 7.11. Structural intensity vectors near a long crack. (51 Hz) 




















































Fig. 7.13. Structural intensity vectors turning around a short crack when 
the source and the sink are very close to the crack. (51 Hz) 
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In structural vibroacoustics problems, the knowledge of energy flow is critical to 
control the vibration energy on which the structural sound radiation depends. The 
vibration energy or power in a structure can be represented by the structural intensity 
vectors with both magnitudes and directions. The noise and vibration emanating from 
structures can often be lessened by changing or adjusting the parameters of structures 
themselves. This thesis is focused on the analysis of the structural intensity in plate 
structures and possible extensions of this technique to new applications. 
  
The multiple dampers are considered as the mechanical modification and its effects on 
the energy flow distribution were studied to control the power flow.  By using multiple 
dampers, the power flow pattern could be partially controlled and the amount of energy 
dissipated in a plate can be adjusted at the necessary position. The structural intensity 
has shown to be of great importance in tackling damped structural vibration problems.  
 
The structural intensity method was again used to analyze the energy dissipation of the 
bolted joints at junctions of the plates with a view of identifying such defects in actual 
bolted structures. Two kinds of joint models were used to characterize the joint 
behaviors and both models can identify the positions of the bolts well and the hints of 
the energy transmission and dissipation characteristics were also observed. However, 
the excitation frequencies are restricted to the second bending mode and frequencies 




The structural intensity technique was used to identify the presence of a cutout in a 
rectangular plate. The effects of the presence of cutout on the intensity field and 
possible energy flow patterns were explored and discussed. The results also provide the 
structural intensity can contribute towards a better understanding of structural response 
in actual structures with holes.  
 
Vibration-based health-monitoring methods seem promising alternatives for on-line 
damage detection and monitoring the structural defects. The general behavior of power 
flow pattern of a rectangular plate with a crack is investigated in this thesis to explore 
the feasibility of flaw detection and identification using structural intensity technique. 
The indication of the presence of the crack is judged by the changes of the directions of 
structural intensity vectors near the crack. The orientation of the crack with respect to 
the direction of the energy flow path offers an important aspect for detecting the 
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